§1. Introduction
Let H be a Hilbert space and B(H) the set of all bounded linear operators on H. If T is a hyponormal operator in B(H) then C.R.Putnam [7] proved that T * T − T T * ≤ Area(σ(T ))/π where σ(T ) is the spectrum of T . The second named author [5] has proved that if T is a hyponormal operator and K is in B(H) with KT = T K then . In §4, we try to estimate T * K − KT * for arbitrary contraction. In §5, we show a few results about area estimates for p-quasihyponormal operators, restricted shifts and analytic Toeplitz operators.
For 0 < p ≤ 1, T is said to be p-hyponormal if (T * 
Proof. Suppose that N ∈ B(K) is a normal extension of T ∈ B(H)
and P is an orthogonal projection from K to H. Then T = P N | H and so
by the Alexander's theorem [1] . Hence, applying
If T is a cyclic subnormal operator and KT = T K then using a theorem of T.Yoshino [12] we can prove that
The proof is almost same to one of Theorem 1.
§3. p-hyponormal
In order to prove Theorem 2, we use an operator version of the Alexander inequality for a p-hyponormal operator. Unfortunately Lemma 3 is not best possible for p = 1 (see [5] ). Lemma 1 is due to W.Arveson [2, Lemma 2] and Lemma 2 is due to A.Uchiyama [11, Theorem 3] .
We need the following notation to give Theorem 2 and Proposition 1. Let φ be a positive function on (0, ∞) such that
if t is not an integer.
We write 
Lemma 1. Let A be an arbitrary ultra-weakly closed subalgebra of B(H) containing 1, and let T ∈ B(H). Then
dist(T, A) = sup{ (1 − P )(1 ⊗ T )P ; P ∈ lat(1 ⊗ A)}.
Lemma 2. If T is a p-hyponormal operator, then
where A is the strong closure of {f (T ) ; f ∈ rat(σ(T ))}. Proof. Let S = 1 ⊗ T . Then S is p-hyponormal. In order to prove the lemma, by Lemma 1 it is enough to estimate sup{ (1 − P )SP ; P ∈ lat(1 ⊗ A)}. If P ∈ lat(1 ⊗ A) then SP = P SP and so
By [11, Lemma 4] , P SP is p-hyponormal and so by Lemma 2 we have
{Area(σ(T ))/π} p because P SP ≤ S = T and σ(P SP ) ⊂ σ(S) = σ(T ). By Lemma 1,
dist(T * , A) ≤ 2φ 1 p T 1−p {Area(σ(T ))/π} p/2 .
Theorem 2. If T is a p-hyponormal operator in B(H) and if K is in B(H) with KT = T K, then
T * K − KT * ≤ 2 2φ 1 p T 1−p {Area(σ(T ))/π} p/2
K .
Proof. When A is the strong closure of {f (T ) ; f ∈ rat(σ(T ))}, for any A ∈ A
Now Lemma 3 implies the theorem.
In Theorem 2, if p = 1, that is, T is hyponormal then
√ 2 is not best because the second author
In general, it is easy to see that
. By Theorem 1, if T is subnormal and f is an analytic polynomial then
In this section, we will prove that T *
Theorem 3. If T is a contraction on H and f is an analytic function on the closed unit discD then
Proof. By a theorem of Sz.-Nagy [6] , there exists a unitary operator U on K such that K is a Hilbert space with K ⊇ H and T n = P U n | K for n ≥ 0 where P is an orthogonal projection from K to H. Then it is known that U * P = P U * P and
Proof. Put A = T / T then A is a contraction and so by Theorem 2
A * A n − A n A * ≤ 1 and so T * T n − T n T * ≤ T n+1 .
§5. Remarks
In this section, we give spectral area estimates for p-quasihyponomal operators, restricted shifts and analytic Toeplitz operators.
For
Lemma 4. Let T be p-quasihyponormal and P be a projection such that
Since by the Hansen's inequality [4] 
Hence, P T P is p-quasihyponormal. 
Proposition 1. If T is a p-quasihyponormal operator in B(H) and if K is in B(H) with KT = T K, then

